MODELING IN A DYNAMICAL SYSTEM COURSE

María Trigueros1
ITAM
trigue@itam.mx
Abstract

This report is concerned with the development of a research project which integrates APOS and Models and Modeling perspective into the teaching of first order differential equations. A modeling situation was developed and a genetic decomposition for the topic of first order differential equation was developed to guide teacher intervention in the context of an undergraduate course on dynamical systems. Results show that the use of models complemented with a suitable theoretical framework that models students’ construction of knowledge can inform the design of activities to help students reflect on what they know about functions and derivative and to construct a differential equation schema where these concepts are meaningfully related.

Introduction, theoretical framework and methodology

Models and Modeling approach is a useful theoretical framework for developing model-eliciting activities to help students’ develop ideas in a meaningful realistic context (Lesh & Kelly, 2000; Kelly & Lesh, 2001; Lesh & Doerr, 2003). On the other hand there are theories in mathematics education that have proved to be successful in teaching advanced mathematics but which do not consider the use of models, perhaps because there is a tacit assumption from their developers that knowledge of theory is necessary to be able to develop models for real problems (Weller et al., 2003; Czarnocha et al., 1999). This report is concerned with the development of a research project that tries to integrate both perspectives into the teaching of first order differential equations. 
Research on students’ understanding of ODEs (Rasmussen, 1999, 2001; Donovan, 2007) have shown that students have difficulties understanding the concept of solution to a ODE and relating equations with their graphical representation.  Some research has been performed on the use of real problems in the teaching of differential equations (Chaachoua and Saglam, 2005; Kwon, 2004), this reports intends to contribute to this area.
The research questions posed are:  Is it possible to introduce students to important concepts in this area through the use of models? Is it possible to design teaching strategies based on different mathematics educations theories? Which aspects of student’s mathematical knowledge can be retrieved when a methodology based on different frameworks is used?
Theoretical framework

Two frameworks were integrated to design this research and instruction project: Models and Modeling perspective and APOS theory. (Lesh & Kelly, 2000; Asiala, et al. 1996). 
 Model-eliciting activities help students develop ideas in a meaningful realistic context.

APOS is a well known learning theory which has proved to be successful in teaching advanced mathematics. 
APOS Theory concerns the construction of mathematical knowledge by means of the reflective abstraction mechanism. All studies that have been conducted so far using this learning theory start form a genetic decomposition of a concept or a mathematical topic. This decomposition is used, either to design teaching activities to use in the classroom and then test which of the predicted constructions seem to have been constructed by students, by analyzing what they can do and explain in questionnaires and interviews, or as a basis to test those constructions with students who had not been taught with activities based on the genetic decomposition. There are no studies where applications or modeling activities are used together with activities designed to guide concept constructions.
An interesting theoretical question to be discussed arises from the above mentioned problematic: What can modeling be described using an APOS perspective. What follows is a first suggestion as response to this question.

When faced with a modeling situation, students use their existing mathematical schema and the schema they have constructed for other domains that can be useful in the solution of the problems they face. They use these schemas in the processes of selection of variables, in the process of establishing relations between them and in the coordination of these different processes and schema to arrive at what can be called mathematization of the problematic situation. As the result of these processes and coordinations, students develop a model with is encapsulated into an object. Students perform actions and processes on the model in order to analyze it, to determine its properties and to ask new questions. New schemas need to be constructed so that students can answer all the questions they have posed. These new schemas are used, in turn, to do actions and processes on the model and can be used to modify it, to analyze it, and to ask new questions. This cycle is repeated until a model that describes the original situation is found.

The modeling perspective, on the other hand, focuses on the development of conceptual tools which are useful in decision making. Researchers working on this perspective (Kelly & Lesh, 2001; Lesh & Doerr, 2003, Lesh & English, 2005) have developed criteria that the problems to be posed to the students must satisfy in order to be successfully applied in the classroom to contribute to the learning process of students. Modeling main idea consists in introducing realistic complex situations where students engage in mathematical thinking and complex products and conceptual tools are generated to accomplish the intended goal. These products are constructed during cycles of work and reflection and can be, in each cycle, self-evaluated by students. 
Using ideas from both theories it might be possible to design activities for the classroom where students face rich context problems to work on and which lead them to develop mathematical ideas which can be taken as a starting point in sessions where more controlled activities based on a genetic decomposition are introduced. When this is done, these last activities also respond to students’ conceptual needs which arose within the modeling process.

In this paper we exemplify what students were able to do when a didactic approach using these ideas was put into practice.

Methodology

Research was conducted within a course on Differential Equations (Dynamic Systems) for students in an Economy program, at university level, at a small private university in Mexico. A modeling situation was designed according to the modeling perspective. The problem consisted of developing a model to predict the price of a good in a market with price expectations. Students had to turn in a proposal for the manager of a company where the model was presented, justified and tested using data for a specific good. 

A genetic decomposition for the topic of first order differential equation was developed by the researcher to guide teacher’s intervention. Activities were designed by the researcher and two teachers as students worked on the model. Students worked in small groups and information of all the documents produced during the modeling cycles, as well as from observation of groups and whole class discussion was analyzed by the researcher and discussed with two teachers for triangulation. Interviews were conducted with groups of students to get a better insight on what they were doing and the reasons they used to justify their actions and decisions.
Work on the problem required of several modeling cycles. Students worked collaboratively in groups consisting of three students. Observation guides were designed to keep trace of students’ work in class and of whole class discussion. Students had to hand in their advance at the end of each cycle. All these productions were analyzed by the researcher and a teacher separately and results of the analysis were negotiated between them. Each class session was prepared by the researcher and the teacher. Discussions between them were audio recorded and all the planning sessions materials were kept for analysis. All these data, together with the transcripts form the interviews, were used to study the evolution of students’ schema and the interactions between students.
Results and conclusions

Several cycles were needed to work on the modeling problem. They can be identified by the type of work done by the students as:

1. Selecting and relating variables

2. Introduction of rate of change as an important variable to consider

3. Model refinement and analysis

· Introduction of activities based on genetic decomposition (analysis of equation, what can be said about solution)

4. Finding solutions, planning data collection and ways of dealing with parameters

· Introduction of activities based on genetic decomposition (solution methods, as required by models
5. Data representation and analysis of results
6. Design of final report

A diversity of models presented by students was found during the two first cycles. In particular three models were kept by students after the class discussion at the end of the second cycle. These models were:

· p’= ap – p, which has derived by two groups by using mainly algebraic considerations. 

· p’= a – bp, which was used by four groups and derived using economic considerations. 

· P’ = A(t) – B(t)p, which was used by two groups and was derived using both economics plus box model considerations. 

In what follows the evolution of the work of two groups is discussed with more detail.
Group one selected to model sugar prices. In the first two sessions they had difficulties selecting the variables needed in the model and establishing relations between them. Their fist selections were p, pe and x, they defined the first two of them as price and price expectations but didn’t explain what x was. They seemed to have difficulties to perform actions on the variables to find a relationship between them. After discussing with another group, as signaled by the teacher, they wrote a first model, P= tE + bx + c, where t is time, E is price expectation, x is quantity and b and c are parameters. It was found that they focused their discussion on how to combine variables. Their actions on variables were based on an algebraic schema. These students did not use any consideration about the pertinence of the operations introduced in the model from the point of view of the economic situation they wanted to model except for the name of the variables, there was no evidence of any coordination of their algebraic schema with an economy shcema, as can be shown by the following excerpt of their discussion:
H: x depends on price, and price on t and expectations

L: What is x?

Hiram: x also depends on price…it can be consumer expectations …
After discussion with another group:
A: We can assume a linear function, it can be p = Et + bx +c…
Some questions from their teacher related this proposal were 
     Don’t you have too many variables? I don’ t get the meaning for x and why    expectations are multiplied by t, are those producer expectations?...
When they turned in their model at the end of cycle one, the teacher reviewed it and asked some questions in order to help them reflect on their model and refine it. The discussion of students in the next session focused on price expectation, which was one of the questions posed by the teacher. They related price expectations with price, price change and original price, they discussed some hypothesis and decided on p’ + p+ po= pe as their model. They introduced the rate of change, a coordination with the derivative schema, of the price in their model, but insisted, during the discussion of their model with the whole group, in the need to keep the initial condition po as part of their model. This demonstrates that their conception of derivative is at an action or process level. 
During the third cycle, this group made a graph of the price function as they expected it to behave in terms of what they have learnt in their economics courses. When other group suggested to use what they know from derivatives to analyze models, and questioned the use of po in the model, they decided to use the derivative idea to analyze it. After discussing the differences of their model with the graph of expected behavior of prices and after discussing the relationship of the model with the hypothesis they had started with, as suggested by the teacher, they decided to refine their model to p’= ap –p + po

and later to p’= ap – p. The whole process reveals an evolution of their ideas. The need to develop a model, the discussion with other students and the questions of the teacher made students reflect on their actions and fostered reflection and coordination of different schema, as well as reconsideration of some of their initial processes to achieve a better understanding of derivative and the notion of first order differential equation.
After two sessions where students worked on activities based on the genetic decomposition which concerned mainly on qualitative analysis of differential equations and the construction of the notion of solution as an object, students used these tools to analyze and solve the model. From the use of qualitative analysis they were able to conclude that the model behaved as they had expected. They shoed they could perform actions on the differential equation and coordinate those actions with their economics knowledge. However, they had difficulties when trying to solve it: They used integration methods without realizing that p is a function of t. This again shows that this group of students did not understand the notions of variables and function as objects.
Helped by questions from other students and by teacher’s questions in the written report they handed in at the end of the fourth cycle, they found the solution and proceeded to find data, and to fit the parameters. Their model did not fit the data, their conclusions point to further refinement of the model. 
This group of students started with disconnected conceptions of function and derivative. Throughout the whole modeling process they were able to coordinate some processes and schema, to construct, analyze and solve differential equations, but this was not enough for them to understand first order differential equation and solution function as objects. 
At the end of the whole process, interview data from the members of this group show that they seemed to have an intra-solution schema for first order differential equation. Their schema seems to consist of the differential equation process, the solution process and some fragile links with the derivative and function schema.
The second group used their function schema and their economics knowledge schema since their first encouter. They decided that the main variables they had to consider were price, price expectation and quantity: p, pe, q; they introduced the idea of market equilibrium, S(p,q) = D(p,q), and considered that they had to concentrate in the description of price as a function of time, consumer expectations and price expectations. They had some difficulties deciding what they had to suppose from the market situation that could help them in finding an appropriate model. They showed evidence of having an object conception of function, and to have coordinated the function and economics schemas.
During the second cycle they used the derivative schema to discuss the relationship between price expectation and the change in price. 

B:..So we have, price and cost expectations…

M: We should assume there is equilibrium, supply and demand equilibrium…

A: …producer price expectations play a role in deciding future price, and also consumer expectations, but those  we can ignore those if we consider producer takes those into account as well, so price expectations make price change… future price will be equal to actual price plus change of price due to expectations  (writes pf = p +p’)

An interesting result is that these students decided to draw a p’-p graph to represent what they thought should be the behavior of price expectations. This graph is very similar to a phase plane graph. They designed it before it was introduced in the activities designed in terms of the genetic decomposition. In fact, their idea was used in the design of the genetic decomposition based activities designed. Based on their graph, they wrote 
pe = p + p’, S(p,p’,q) = D(p,p’,q) and p’=a + bp. When they discussed the expected behavior of solution, based on their graph and their economics knowledge, they decided to change the model to p’=a – bp:

V: OK but I was thinking about equilibrium, how can that be? We should think there is equilibrium at each time, something like..(writes S(p(t,p’), q) = D(p(t,p’), q) )

M: I agree, it is like a changing equilibrium, otherwise it does not make sense, but I wonder how would p’ here change for different prices? Because here we said price depends on t and p’, and here we are kind of saying that new price depends on  p’ and previous price.
A: We can… if we plot it… like this, p’ versus p, maybe we can assume it is linear… (draws)

In whole group discussion, the teacher asked: can you explain your diagram? They respond
V: We drew it to see how the relationship between p and p’ can go

M: Yes, see what happens with price if p’ changes, no, the other way round, p’ changes with p…

Teacher: Why linear?

V: Because it is easier…and makes sense
These students showed to have coordinated the derivative schema, the function schema and the economics schema. They were able to perform actions on functions and to relate functions and derivatives as objects to construct a differential equation. They also used these schemas to suggest a graphical method to find the relationship between the derivative and the function. This instrument proved to be helpful in performing actions on the differential equation and understanding the meaning and possible behavior of the solution function.
After two sessions where students worked on activities based on the genetic decomposition on qualitative analysis of differential equations and the construction of the notion of solution as an object, students used these tools to analyze and solve the model. They were able to refine their analysis of the model using phase line and to solve the model. They decided to use crude prices to test the model. Their model fit the data but they were not completely satisfied with it and decided that it needed refinement to better fit the data.
At the end of the whole process, interview data from the members of this group show that they seemed to have an inter-solution schema for first order differential equation. The modeling process and the activities based on the genetic decomposition helped them construct coordinations between their function, derivative and economics schemas to construct a differential equation. They could also perform actions on differential equations which helped them deduce the expected behavior of the solution, and to coordinate this new schema with those of functions and derivatives.
Discussion
Research results show that it is possible to work with the integrated theoretical framework. The use of a genetic decomposition was useful for designing activities for students, for guiding the teacher in her interventions, and in the analysis of students’ productions.  
Students approach to the problem evolved form a covariation perspective where they looked for possible variables that could be involved in the phenomenon and their behavior, to a dynamic perspective where the derivative function was the object of study. In general, their initial proposals and discussion showed that they worked with function and derivatives at a process level; these concepts were not meaningfully related and heir schema for function and derivative seemed to be related only through the fact that the derivative is a process that can be done on the function.
Building up the model in terms of different functions implies the use of function as a process or object and the search of relationships between different variables. These actions were considered by the teacher as possible building blocks for the construction of a relationship between a function and its derivative. Work on stating model’s hypothesis as clear as possible were also an important factor in the development of relationships between functions.

Refinement of the model through different activities, collaborative work and whole class discussion proved to be useful for students in developing an object conception of these concepts and a schema for first order differential equation and solution where these concepts are related. 
It was interesting to observe the relationship between solution function and its derivative to emerge from students’ analysis of the economic situation together with a new representational tool which could be linked afterwards with the phase plane. Qualitative analysis of the model was used by the teacher as a means to refine students’ models and to reflect on the meaning of the differential equation involved, and on the concept of solution. Research data show that work with different representations played a key role in helping students to reflect on differential equation as an object and on their actions and processes related to functions and derivatives, and to construct relationships between the different concepts involved in the differential equations schema. 
Approximation of the solution of the models using programming was used by the teacher as another opportunity for the students to reflect on the concept of solution function as an object. Analytical solutions were also discussed in the contexts of this and other specific models.

An interesting result obtained is that these students did not show any problem related to the meaning of the solution of the differential equations. It seems that within the context of the model students have clear that the solution to the equation is a price function. They could extrapolate this idea to other more abstract equations. It might be that the context of the problem helped them overcome one common problem found in the literature. The modeling context also provided opportunities for students to pose interesting theoretical questions, as for example, those concerned with existence and uniqueness of solutions, and the existence of a general method to find solutions to first order differential equations.

Students faced several difficulties during the modeling process. Not all the groups evolved as much as could be desired. But in general, the genetic decomposition proved to work well as a guide in developing activities according to students needs. 
Conclusion
The use of models in class has proven to be possible and useful to teach advanced mathematics topics. This research shows that when complemented with a suitable theoretical framework that models students’ construction of knowledge it can also inform the teacher about possible activities for guiding students’ concept constructions; about interesting questions to pose, and to complement students’ own ideas. 
Work with the problem, with the relationship between variables, functions and their graphs and the need to perform actions on them in the context of a real model helps students construct meaning to the concepts of differential equation and solution function. It also provides opportunities for students to reflect on function and derivative as objects. Work in the context of a real model helps students construct meaning and develop useful conceptual tools.

This reseach also shows that APOS theory can be used by researchers and teachers to design activities based on genetic decompositions to introduce new concepts within the context of the modeling situation and to help students generalize these constructions to other situations. This means that APOS can be used by teachers as a conceptual tool in planning and designing activities for their lessons, and also in designing assessment tools. 
One important result of this research project is the possibility to integrate different theoretical frameworks into the design of teaching sequences, and that this integration can help guide students construction of mathematical knowledge. It also shows that some mathematics education theories can be applied in contexts different from those where they were originally posed.
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